We construct the non-BPS black brane representation from the Kerr metric using the U-duality and symmetries in string or M-theory. We give the general rule to get the brane configuration and we apply it especially for Kerr metric. We find the three charged solution in M-theory and after the compactification it becomes rotating black string solution in five dimension. We also find the four charged solution containing the pp-wave in M-theory, and we can find charged dilaton rotating black hole solution in four dimension after the torus compactification. This solution has the other representation in string theory, which is easy to apply the AdS/CFT correspondence.
I. INTRODUCTION
In recent years, many varieties of five-dimensional vacuum solutions have been founded [1, 2, 3, 4, 5, 6, 7] using the rod structure formalism [8, 9] . It is impossible to get the charged black hole solutions using the rod structure formalism [10, 11] , thus we use the other method to get the charged solutions using the U-duality [12] in the super string theory. This method makes the non-BPS solutions of the string theory [13] , and especially this method succeed to find the non-BPS black ring solution from the one rotating vacuum black ring solution [14] . We must add the additional dipole charge for the ordinary solution to get the seed of another rotating axis. Thus we give the general formalism to get the charged solutions using the duality in string or M-theory without adding any dipole charge in ordinary seed metric.
Non BPS black ring solutions [14] using the same method we use below, but these solutions related to intersecting M 2 ⊥ M 2 ⊥ M 2-brane solution in M-theory, or intersecting F 1 ⊥ D2 ⊥ D2-brane solution in type IIA string theory with compactification on one-dimensional torus of M-Theory. These configuration in string theory is impossible to analysis for AdS/CFT correspondence [15] , because we must choose typical coordinates for the compact space for near horizon limit, which is the kkwave direction, but this solution has not any typical direction for compact spaces.
Thus we introduce the D1 ⊥ D5-brane solutions from general axisymmetric five-dimensional vacuum solution with three Killing vector, which contain all solutions we already know from the rod structure. We show the N S5 ⊥ D4 ⊥ D4-brane solutions from general axisymmetric four-dimensional vacuum solution with two Killing vector, e.g., Kerr metric. We also get the general rotating black string solutions, which is rotating fourdimensional black hole with extra one dimension, by the M 2 ⊥ M 2 ⊥ M 2-brane solutions from the Kerr metric. * e-mail address: tanabe@gravity.phys.waseda.ac.jp
II. CHARGING UP VIA U-DUALITY
We introduce the method for charging up from the vacuum solution, which we use the boost, T-duality and S-duality [12] . The vacuum solution satisfy the vacuum Einstein equation G µν = 0, and if we add the extra flat dimension, this still satisfies the same equation as G MN = 0, where x M is the higher dimensional coordinate. Therefore the Higher dimensional solutions satisfy the Einstein equation, and obviously there are no Maxwell field or gauge field. We consider the tendimensional supergravity below, because this theory has the T-duality and S-duality [13] .
Under the boost for these solutions, it is still the solution because the all super gravity theory has the Lorentz symmetry, then the solutions change to wave solution from the vacuum solution. We denote this boost process as B α (x µ ), which means that boosted for the x µ direction with the boost parameter α.
T-duality is the symmetry between compact radius R ↔ 1/R, and it interchange to the type IIA and IIB theory. We use the notation for the T-duality along x µ direction as T (x µ ). Under the T-duality for the direction of the wave, the solution changes to a fundamental string F 1-brane, and Dp-brane change to D(p − 1)-brane when the T-duality direction is parallel to the Dp-brane direction, and otherwise becomes D(p + 1)-brane.
S-duality is the symmetry between the strong/weak coupling, and type IIB theory is self-dual under the Sduality, and F 1-brane interchanges to the D1-brane and N S5-brane interchange to the D5-brane.
We must also consider the Hodge dual for the antisymmetric gauge field, and specially D3-brane are self-dual field, thus the field strength of D3-brane and its dual field strength are the same.
When we lift up to the eleven dimension, we find the M-theory which is strong coupling limit of type IIA supergravity, and M-theory contains only M 2 and M 5-brane. M 2-brane comes from the F 1 and D2-brane, and M 5-brane comes from the D4 and N S5-brane. In eleven dimension there is no symmetry under the T-duality and S-duality, but still the Lorentz symmetry exists, thus we can only apply the boost in M-theory. and θ derivative components are the same as this. We denoteD z4z5z6t = s 2Dt andD z4z5z6φ = s 2 c 2Dφ in below.
In Kerr metric case, the Hodge dual can be written in
thus we can calculate the dual fields as
This sequence continues as follows;
and we get the D4 ⊥ D4-brane solutions as
where
The dilaton field becomes e −2ϕ = (h 1 h 2 ) 1/2 g 3 and the gauge fields change as below:
For simplify we change the notation as
We can also calculate for the Kerr metric, then we find
We apply the next sequence to add another charge as
we find D2 ⊥ D2 ⊥ D2 brane solution as
, with the new function
and β t = 4s 1 s 2 s 3Dt . The dilaton field is e −2ϕ = ξ −3/2 h 1 h 2 h 3 and the gauge field is
where the pair of indices (i, j) = (1, 2), (3, 4) , (5, 6) are corresponding to α = 1, 2, 3. For the first example of a black hole solution, we continue to apply the U-duality for the charging up the four-dimensional Kerr solutions.
Next we try to apply another example related to the rotating black string, which can be described by the Kerr metric with another one extra dimension, and these solutions must possess the Gregory-Laflamme instability [16] .
A. Kerr solutions in String/M-theory
For the adding pp-wave in eleven dimension, we must apply the sequence as
then we find the D4 ⊥ D4 ⊥ D4-brane solutions as
The dilaton field is e −2ϕ = ξ −3/2h 1h2h3 and the gauge fields are given byÃ a =Â a and
where we use the same notation for (i, j) and the Hodge dual fieldsD
can be calculate aŝ
The functionÂ a is also the Hodge dual fields as
and of cause we can calculate the θ derivative in the same way. In Kerr metric we find thatÂ a can be written bŷ
Now we lift up the z 7 direction then we find the M 5 ⊥ M 5 ⊥ M 5-brane with pp-wave solutions in M-theory;
where the conformal factor can be written by Ξ = h 1h2h3 . The three-form fields related to M 5-brane are given byĈ
We note that Kerr metric with flat dimensions has no Chern-Simons term, but there are exist in eleven dimension after the charging up sequence, e.g.,Ĉ
(1)
φ or like that combinations. The Chern-Simons terms gives the non-trivial effect of the topology for BPS black ring solutions [18] 
Finally we apply the boost for the z 7 direction, and compactify the z 6 direction to apply the AdS/CFT correspondence, we find N S5 ⊥ D4 ⊥ D4-brane solutions with kk-wave, and the metric can be written by
base , (3.10) where du and dv are determined by
The dilaton field becomes e −2ϕ = ξ −1/2h 3/2 3 , and the gauge fields are given by and the three-form fields are given bỹ
where the indices (i, j) are only run in (1, 2) and (3, 4) . After the compactify the other six dimension on torus, we find the four dimensional charged solution as
base , (3.11) whereω and Υ are determined bȳ
This metric must be satisfied the equation of motion which is given by the effective sigma model action in four dimension as
where R 4 is the four dimensional Ricci scalar determined by the metric (3.11) and ϕ = 2φ 1 + 2φ 2 + 2φ 3 + φ 4 . The scalar field and the gauge fields are given by
a =Â a . (3.12)
In the Kerr metric case, the regularity condition for the rotating axis are the same as before, thus the metric has no conical singularity at the ordinary event horizon r + = m + √ m 2 − a 2 . In the asymptotic region (r → ∞) the metric becomes flat and the ADM mass
s i c i /2 and the angular momentum J = c 1 c 2 c 3 c 4 a are given in the asymptotic metric form. The surface gravity change as below
where β t+ andÂ t+ are defined by the substitution for r = r + . The surface area of the outer event horizon
and we can show the thermodynamics with the physical parameter as the charge and angular momentum and the temperature, but the dilaton fields does not contribute. Sen gave the rotating charged black hole solution [20] , which metric in Einstein flame is given by
where h α = −s a are exist. The static limit for a = 0 we haveD t = 0 andÂ a = 0, thus the metric becomes four charged static black brane solutions as
where h = h 1 h 2 h 3 h 4 . The harmonic function h i defined as
with f = 1 − 2m/r, which is the metric function of ordinary Shwarzshild metric. This solutions are contain the Gibbons-Maeda's dilatonic black hole solutions [22] .
We can also take the extremal limit for the Kerr metric (a = m), this case the horizon are degenerate and it will contain the supersymmetric solution, because these metric configuration in M-theory are the same figure as we find before [25] .
We have coordinate singularity at ξ = 0, witch is the same ash i = 0, and at this case the Kretchmann invariance R µνρσ R µνρσ is diverging. If we choose the specific value for the α i , m and a, we can get the regular solitonic solution, and we will show in the next paper.
B. Rotating Black String Solution
Now we apply the other example about charging up method from four-dimensional vacuum solution, and it can be applied for black string in five dimension, which is the Kerr metric with the extra one dimension. We lift up the z 7 direction directory for (3.8), then we find M 2 ⊥ M 2 ⊥ M 2-brane solution as 15) where the conformal factor is Θ = h 1 h 2 h 3 , and the threeform fields related to M 2-brane are given by
All metric function and the gauge field are given by the harmonic function h i and the extra function β t , which comes from the Hodge dual for the gauge field. The Chern-Simons terms are also exist in this case, however if we take that the extra function β t must be zero, then the Chern-Simons terms are vanishing and all metric function only depend on the harmonic function h i . This gives the well known solutions given by [25] , but in this case one of the function h i must be zero, thus we only take the two charged solution with Kerr based metric.
Compactify the z 1 to z 6 direction we find charged rotating black string solutions as
This solutions satisfy the effective sigma model action after the compactification on tori as
where R 5 is the five dimensional Ricci scalar given by the metric (3.16). The scalar field φ α are the same as before
φ . The horizon of the solutions are the same as the ordinary one, and this case regularity condition for the rotating axis φ are the same as before. This solution has the new singularity at ξ = 0 or β t → ∞, but ξ = 0 are satisfied both h i = 0 and β t = 0, which conditions give trivial solution, unless f = c
When we fix the extra coordinate z 7 = z 7 0 , then we find the metric becomes 17) and this metric form is the consistent as the solution from supersymmetric five dimensional solution. The area surface for a unit length of z 7 direction, we can calculate in generally, but it is very complicated figure. In this time we show the special case as s 1 = s 2 = s 3 ≡ s case, then we find the surface area as
where α 2 a 2 = r 2 + − 2mr + s 2 . In the static limit, the area surface is equal to one of the Schwarzshild black string. We can easy to check the non-charged solution is given by s = 0, and we find the area surface A = 4π(r 2 + + a 2 ), which is consistent with the one of ordinary Kerr metric.
In the Kerr metric at the infinity the conformal factor becomes Θ → 1, thus the metric becomes Minkowski metric, which satisfy the asymptotically flat. The mass, angular momentum and the charge of the Maxwell fields in this metric change to M = m(s 2 )/Σ. The action in four dimension is non-minimal coupling to the dilaton with the Maxwell field, thus we are not allow to take the limit just for vanishing the dilaton, only we can take the limit for no dilaton and no Maxwell fields, which is related to s i = 0.
In the static limit a = 0, the metric becomes
where the metric function change as f = 1 − 2m/r. The dilaton fields are depend only on the radial coordinate r, and the gauge fields becomes only electrical potential
α s α c α (f − 1)/3, and we can easy to check the charge is Q = m(s 1 c 1 + s 2 c 2 + s 3 c 3 )/3, which means that charge is independent for the angular momentum. Both of the static and stationary case, the dilaton fields also do not contribute the thermodynamics of black string solution for the unit per length along the extra dimension.
This solution has the instability of the extra dimension along z 7 direction, named Gregory-Lafflame Instability.
In the static case, we can calculate in the general way in [17] , but in the stationary case the perturbation of the metric function are impossible to separable for the variables. Thus we must concern about the analyze about it.
IV. CONCLUDING REMARK
In this paper we have presented the charging up method from the four dimensional vacuum solution with rotating axis, Kerr metric. We use the U-duality and Lorentz symmetries in higher dimensional supergravity theory, i.e., ten-dimensional type IIA and IIB supergravity, which is the low energy limit of the type IIA and IIB super string theory, and eleven-dimensional supergravity, named M-theory.
We give a specific example as charging up the Kerr solution in four dimension, which relates the M 5 ⊥ M 5 ⊥ M 5-brane solution in M-theory, and the rotating black string solutions in five dimension, which relates the M 2 ⊥ M 2 ⊥ M 2-brane solution in M-theory. M-Kerr solution, which is M 5 ⊥ M 5 ⊥ M 5-brane, becomes N S5 ⊥ D4 ⊥ D4-brane with kk-wave solutions in type IIA super string theory. M-BS solutions, which is M 2 ⊥ M 2 ⊥ M 2-brane, are the same configuration of non-BPS black ring solution given by [14] , and M-BS solution include the limit for R → ∞ for the non-BPS two rotating charged black ring solution.
We can apply these solutions to the AdS/CFT correspondence, α ′ → 0 with fixed r/α ′ for CFT, where r is the distance from the D-brane. We will show the micro state of these solutions in the context of AdS/CFT correspondence, and we will also show the regular solutions with the specific physical parameters in subsequent paper, witch we are writing now. In the limit for the CFT, we compare the micro state of Kerr black hole by D0 ⊥ D6-brane solutions given by Horowitz et. al., [27] .
In this paper we do not apply the specific five dimensional vacuum black hole solutions. It is easy to apply for various solutions [1, 2, 5, 6] , however the difficulty for the calculation is just the Hodge dual (3.2) and (3.8). The integrable condition must be necessary for the explicit representation of theD ab , and in the below case the Hodge dual field becomes easier. When the metric of base space can be written in γ ab dx a dx b = Θ(x, y)(Ω φ dφ − Ω ψ dψ) 2 , the dual gauge fieldD φψ must be vanishing, thus we only consider theD ta after all.
By the way of this paper we only consider from the vacuum solutions, but adding the extra dimension we can extend to the Einstein manifold with the constant gauge field, which satisfy the Einstein and Maxwell equation in lower and higher dimension. In this formalism, including the one rotating black ring case [14] , we can apply the more interesting case, especially cosmology and black hole dynamics.
